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Literal Approximations to Aircraft Dynamic Modes

N. Ananthkrishnan¤ and Suraj Unnikrishnan†

Indian Institute of Technology, Bombay 400076, India

Derivation of literal approximations to the aircraft dynamic modes remains one of the central problems in the
theory of aircraft � ight dynamics, and one that has never been satisfactorily resolved. Although approximations
to the fast modes (short period, roll) are generally good, the slow modes (phugoid, dutch roll, spiral) seem to
have several competing approximations, none of which are uniformly satisfactory. This paper examines the fun-
damental assumptions behind the traditional approach to the derivation of literal approximations. A major � aw
in all previous derivations resulting in incorrect slow-mode approximations is uncovered. In following a formal
procedure, improved literal approximations are derived for the slow modes. In this process, a new condition for
onset of directional departure is obtained, which is related to the dutch-roll frequency. Predictions from the literal
approximationsderived in this paper are compared with actual numerical values for an example aircraft to illus-
trate conditions under which the approximations work well, and to point out the fundamental limitations of the
literal approximationsderived by the traditional approach.

Nomenclature
b = aircraft wingspan
CD; CL ; CY = drag, lift, and sideforce coef� cients, respectively
Cl; Cm; Cn = roll, pitch, and yaw coef� cients, respectively
c = mean aerodynamic chord
g = acceleration due to gravity
Ix ; Iy ; Iz = roll, pitch, and yaw moments of inertia,

respectively
L ; M; N = roll, pitch, and yaw moments, respectively
m = aircraft mass
p; q; r = body-axis roll, pitch, and yaw rates, respectively
Nq = dynamic pressure
S = reference area
Tm = maximum thrust
V = aircraft velocity
X; Y; Z = force components along aircraft x; y; z axes
Xu ; Xq ; : : : = dimensional stability derivatives with respect

to u; q; : : :
®; ¯ = angles of attack and sideslip, respectively
° = � ight-path angle
1V ; 1®; : : : = perturbations in state variables V ; ®; : : :
±e; ±a; ±r = elevator, aileron, and rudder de� ections,

respectively
³ = modal damping
´ = throttle, as fraction of maximum thrust
¹ = wind-axis roll orientation angle
½ = air density
Á; µ = body-axis roll and pitch Euler angles,

respectively
! = modal frequency

Subscripts

DR = dutch roll
lat = pertaining to lateral dynamics
lon = pertaining to longitudinaldynamics
P = phugoid
R = roll
S = spiral

Received 9 June 2000; revision received 20 February 2001; accepted for
publication 24 February 2001. Copyright c° 2001 by the American Institute
of Aeronautics and Astronautics, Inc. All rights reserved.

¤Assistant Professor, Department of Aerospace Engineering; currently
Visiting Assistant Professor of Aeronautics, California Institute of Technol-
ogy, Pasadena, CA 91125; akn@caltech.edu. Member AIAA.

†Undergraduate Student, Department of Aerospace Engineering; suraj@
aero.iitb.ernet.in.

SP = short period
s = static residual value
0 = trim, or equilibrium, value

I. Introduction

T HE � ight dynamics of rigid aircraft are modeled by a set of
eight � rst-order differential equations, presented in full in the

Appendix, of the form

Px D f .x; u/ (1)

where the states x and controls u are as follows:

x D [V ; ®; ¯; p; q; r; Á; µ ]; u D [´; ±e; ±a; ±r]

Traditionally, a study of � ight dynamics proceeds by considering
the aircraft to be � ying in a straight and level � ight trim. Then,
the two fundamental problems of � ight dynamics may be broadly
stated as 1) The problem of response to small perturbations in the
state variables from the trimmed � ight condition, or the problem
of stability, and 2) the problem of response to control inputs at the
trimmed � ight condition. The dynamic response of the aircraft is
describedin terms of its modal behavior.For straight and level � ight
trim, the dynamic modes for conventional airplanes decouple into
two independentsets: 1) longitudinalmodes, called the short period
and phugoid, and 2) lateral modes, called the roll, dutch roll, and
spiral. Thus, a key step for progress in traditional � ight dynamics is
to be able to describe these modes. This is best done by developing
literal expressions for the individual modes. However, exact literal
expressions for these modes turn out to be too complicated to be
useful. Flight dynamicists have, therefore, sought to develop useful
literal approximationsfor the aircraft dynamic modes.

Literal approximationsto the aircraft dynamic modes have tradi-
tionallybeenderivedby consideringsimplifyingassumptionsbased
on the physics of the modes. For example, observations show the
short period to be a fast mode with signi� cant variation in angle of
attack, and the phugoidappears as a slower mode with oscillationin
the aircraft velocity.The short-periodapproximation, therefore, ne-
glects changes in aircraft velocity, and the phugoid mode is approx-
imated by neglecting dynamics in pitch and assuming no change in
angle of attack. Approximations to the lateral modes have also been
derived on the basis of such physical arguments and observations.
These approximationshave been described in several textbooks,1¡3

and have been widely used over the past several decades. Never-
theless, the traditional approach to deriving literal approximations
has been recognized to be unsatisfactory on two counts: 1) There
is no single uni� ed procedure for deriving the literal approxima-
tions. Thus, some of the approximationsappear to be ad hoc, and in
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Table 1 Dutch roll approximations

Variables included Forces/moments
Approximation (order) included

Snaking4 ¯; r (2) Yaw
Nelson2 ¯; r (2) Sideforce, yaw
Chakravarty5 ¯; r (2) Sideforce, roll, yaw
Schmidt4 ¯; p; r (3) Roll, yaw
Liebst and Nolan6 ¯; Á; p (3) Sideforce, roll

some modes, there is more than one approximation. For example,
there are several competingliteral approximationsfor the dutch-roll
mode2;4¡6 (see Table 1). 2) Approximations to some of the modes
are known to be unsatisfactory,and authors frequently quote them
with disclaimersregarding their accuracy.For example, approxima-
tions to the phugoidmode often compare poorly with actual aircraft
data.

In the absence of a formal procedure for deriving literal approx-
imations, there is no way to decide between competing approxi-
mations except to test them against several sets of aircraft data.
However, it is extremely dif� cult to establish the superiority of one
approximation over another in this manner, and it is usually found
that none of the approximationsare uniformly satisfactory.For ex-
ample, Table 1 lists some of the more prominent dutch-roll approx-
imations obtained in the past and the different variables and various
combinationsof the force/moment equations that have been consid-
ered in these approximations. No single approximation in Table 1
can, however, be stated to be generally better then the others. More
puzzlinghas been the inability to arrive at a satisfactoryapproxima-
tion for the phugoid mode. As pointed out by Pradeep,7 considering
the fact that the approximation for the short period, the other lon-
gitudinal mode, is generally found to be quite good, it has been a
mystery why the phugoid approximation does not work satisfacto-
rily. Several existing phugoid approximations have been listed by
Pradeep7 and their relative merits compared. Once again, no single
phugoid approximation works well across all aircraft data.

Improved literal approximations, however, continue to be of in-
terest to � ight dynamicists, and, of late, attempts have been made
to approach the problem from a mathematical viewpoint. An im-
proved literal approximation for the phugoid mode was derived by
Pradeep7 followinga purely mathematical approach,and a different
mathematical approach was used by Livneh8 for the lateral modes.
More recent attempts in this direction have been by Phillips for the
phugoid9 and for the dutch-roll modes.10 Although these studies
claim improved literal approximationsthat provide better accuracy,
this is obtained at the cost of more complicated expressions and a
lack of physicalunderstanding.Also, some of these approximations
are based on a particular set of aircraft data, and their validity for
airplanesoutside the assumedset is not immediatelyobvious.In any
case, it is clear that no study based on a purely mathematical ap-
proach is capable of explaining the drawbacks in the existing literal
approximations.

In this paper, we follow, for the � rst time, a formal procedure
for deriving literal approximations to the aircraft dynamic modes.
The derivationis based on a reformulationof the small-perturbation
aircraft dynamic equations about a straight and level � ight trim in
second-order form. Using this procedure, it is possible to formally
derive a single literal approximation to each mode, thus resolv-
ing the problem of multiplicity of approximations. We also point
out a major � aw in previous textbook derivations that was respon-
sible for the poor approximations to the phugoid and dutch-roll
modes (in general, the slow modes). Improved phugoid and dutch-
roll approximations are obtained when this � aw is taken care of.
Satisfactory existing literal approximations (generally, for the fast
modes) are recovered in our procedure.Incidentally,in this process,
an improved criterion for directionaldeparture, linked to the dutch-
roll frequency, is obtained. Finally, as an illustration, predictions
from the literal approximations are compared with actual numeri-
cal values for an example aircraft. It must be emphasized that the
results derived in this paper are of a fundamental nature, and are not
particular to any class of airplanes or any particular set of aircraft
data.

II. Linearized Equations in Second-Order Form
Following the standard practice, the trim state is chosen to be a

straight and level � ight condition.Then, the trim values of the states
and controls are as follows:

x D [V0; ®0; ¯0 D 0; p0 D 0; q0 D 0; r0 D 0; Á0 D 0; µ0]

u D [´0; ±e0; ±a0 D 0; ±r0 D 0]

with the added condition on the � ight path angle, °0 D 0, which at
trim is the same as µ0 D ®0 . The linearized equations for the air-
craft dynamics are obtained by considering small perturbations in
the states with the control parameters � xed at their trim values.
Writing the state variables as a sum of the trim value and a small
perturbation, for example, V D V0 C 1V in Eq. (1), the linearized
small-perturbationequations in the eight state variables can be ob-
tained. It is well known1¡3 that the eight linearized dynamic equa-
tions naturally decouple into two sets, longitudinaland lateral, with
the correspondingperturbed state variables as follows:

1xlon D [1V; 1®; 1q; 1µ ]; 1xlat D [1¯; 1p; 1r; 1Á]

Using this notation, the small-perturbationequations for the longi-
tudinal dynamics are a set of four linearized equations of the form
P1xlon D Alon1xlon, written in full as

P1V D Xu1V C X®1® ¡ g1µ

P1® D .Zu=V0/1V C .Z®=V0/1® C 1q

P1q D Mu1V C M®1® C Mq 1q; P1µ D 1q (2)

and the linearizedequationsfor the lateraldynamics in the perturbed
state variablesare of the form P1xlat D Alat1xlat and appear in full as
follows:

P1¯ D .Y¯ =V0/1¯ C .g cos µ0=V0/1Á C sin µ01p ¡ cos µ01r

P1p D L¯ 1¯ C L p1p C Lr 1r

P1r D N¯ 1¯ C N p1p C Nr 1r; P1Á D 1p C tan µ01r (3)

where the dimensional stability derivatives are de� ned in the stan-
dard manner,1¡3 and, for convenience, rate derivatives for the force
equations and derivatives with respect to P® are not considered.

In a signi� cantdeparturefrom the standardpractice,the linearized
� rst-order Eqs. (2) and (3) are recast in the second-order form as
follows:

R1ylon C Clon
P1ylon C K lon1ylon D 0

R1ylat C Clat
P1ylat C K lat1ylat D 0

with the variables 1y for the second-order form taken as

1ylon D [1V; 1®]; 1ylat D [1¯; 1¹]

The roll orientationangle in wind axes, 1¹, is chosen in preference
to 1Á to avoid a cos µ0 denominator term. The two are related by
the following expression:

1¹ D cos µ01Á

To derive the second-orderequation in 1V , for example, one takes
Eq. (2) for P1V , differentiatesoncewith respectto time, and replaces
all terms in 1q; 1µ and their derivatives in terms of 1V; 1® and
derivatives by using the other equations in Eq. (2). The resulting
longitudinal equations in second-orderform appear as follows:

R1V ¡ Xu
P1V ¡ .X® ¡ g/ P1® ¡ .gZu=V0/1V ¡ .gZ®=V0/1® D 0

(4)

R1® ¡ .Zu=V0/ P1V ¡ .Mq C Z®=V0/ P1® ¡ [Mu ¡ Mq.Zu=V0/]1V

¡ [M® ¡ Mq .Z®=V0/]1® D 0 (5)
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The second-orderequationsfor the lateraldynamicscanbe similarly
derived as follows:

R1¯ C [¡.N 0
r cos®0 ¡ N 0

p sin ®0/ ¡ Y¯=V0] P1¯

C [.N 0
r sin ®0 C N 0

p cos ®0/ ¡ g=V0] P1¹

C [N 0
¯ C .Y¯ =V0/.N 0

r cos ®0 ¡ N 0
p sin ®0/]1¯

C [.g=V0/.N 0
r cos ®0 ¡ N 0

p sin ®0/]1¹ D 0 (6)

R1¹ C [.L 0
r cos ®0 ¡ L 0

p sin®0/] P1¯ ¡ [.L 0
r sin ®0 C L 0

p cos ®0/] P1¹

¡ [L 0
¯ C .Y¯ =V0/.L 0

r cos®0 ¡ L 0
p sin ®0/]1¯

¡ [.g=V0/.L 0
r cos ®0 ¡ L 0

p sin ®0/]1¹ D 0 (7)

where

N 0
¯ D N¯ cos ®0 ¡ L¯ sin ®0; L 0

¯ D L¯ cos ®0 C N¯ sin®0

N 0
p D N p cos®0 ¡ L p sin ®0; L 0

p D L p cos ®0 C Np sin ®0

N 0
r D Nr cos ®0 ¡ L r sin ®0; L 0

r D Lr cos ®0 C Nr sin ®0

The � rst- and second-order forms are entirely equivalent. How-
ever, the second-orderform presentsus with a signi� cant advantage
in that it is possible to explicitly separate the terms in each of the
4 £ 4 Alon and Alat matrices into damping and stiffness terms in the
respective C and K matrices. This often provides useful physical
insight into the contribution from a particular term. It is also of-
ten easier to manipulate the 2 £ 2 C and K matrices as against the
4 £ 4 A matrix. The linearized equations in second-order form are
next used to derive criteria for longitudinal and lateral static insta-
bility, partly to demonstrate the advantage of writing the equations
in second-order form, and partly in anticipation of their use in the
derivation of the literal approximations.

III. Static Instability Criteria
The condition for onset of static instability as given by Routh’s

criterion is that the constant term in the characteristicequationmust
be zero. Using the linearized equations in second-order form, the
characteristic equation can be written as

j¸2 I C ¸C C K j D 0

where I is the 2 £ 2 identity matrix. It is easy to see that the zero
constant term condition corresponds to jK j D 0. The matrices K lon

and K lat can be written as follows, by inspection of Eqs. (4–7):

K lon D
µ

¡gZu=V0 ¡gZ®=V0

¡.Mu ¡ Mq Zu=V0/ ¡.M® ¡ Mq Z®=V0/

¶

K lat D

"
N 0

¯
C .Y¯ =V0/.N 0

r cos ®0 ¡ N 0
p sin ®0/ .g=V0/.N 0

r cos ®0 ¡ N 0
p sin ®0/

¡L 0
¯ ¡ .Y¯=V0/.L 0

r cos ®0 ¡ L 0
p sin ®0/ ¡.g=V0/.L 0

r cos®0 ¡ L 0
p sin ®0/

#

The condition for onset of longitudinal static instability is given
by jK lon j D 0. The longitudinal static instability condition (Slon ):

.g=V0/.Zu M® ¡ Z® Mu/ D 0

agrees with the criterion cited by Etkin and Reid.1

The conditionfor onset of the � rst lateral static instabilityis given
by jK latj D 0. The � rst lateral static instability condition (S1

lat ):

.g=V0/[.L 0
¯ N 0

r ¡ N 0
¯ L 0

r / cos ®0 ¡ .L 0
¯ N 0

p ¡ N 0
¯ L 0

p/ sin ®0] D 0 (8)

is the same as the criterionstated by Etkin and Reid.1 The condition
S1

lat usually corresponds to onset of a divergent spiral mode.
Often a mildly divergent spiral mode is tolerated, and what is

really of interest is the next onset of static instability in the lateral
motion, after neglecting the spiral mode. To derive a condition for

this, we assume that Eq. (8) is satis� ed. On factoring out the zero
root corresponding to S1

lat , the characteristicequation for the lateral
dynamics is effectively of third order. The condition for the next
zero root is given by the constant term of this third-order equation,
which is the same as the linear term of the original fourth-orderchar-
acteristic equation,being zero. This gives, after some manipulation,
the following condition for onset of the second static instability in
the lateral motion (S2

lat ):

.N 0
¯ L 0

p ¡ L 0
¯ N 0

p/ cos ®0 ¡ .L 0
¯ N 0

r ¡ N 0
¯ L 0

r / sin ®0

C gL 0
¯ =V0 C .Y¯ =V0/.N 0

r L 0
p ¡ L 0

r N 0
p/ D 0 (9)

This is a new result, althougha similar expression,but with the grav-
ity termneglected,hasbeenderivedby Lutze et al.11 The static insta-
bility predicted by Eq. (9) is usually described as directionaldepar-
ture. It requiresseveral simplifyingassumptionsto reducecondition
S2

lat to the popular directionaldeparturecriterion, N 0
¯ D N¯ cos ®0 ¡

L¯ sin ®0 , also called N¯.dyn/.11 However, these assumptions are
often not physically justi� able, and, hence, N¯ .dyn/ is not always
a satisfactory criterion for the onset of directional departure.

IV. Literal Approximations: Longitudinal Modes
Equations (4–7) in second-order form are the exact linearized

equations for small-perturbationmotion around the chosen straight
and level � ight trim. Beginning with these equations, literal ap-
proximations to the various modes can be derived by following a
formal procedure that we will show. It is important to realize that
the traditional approach to derivation of literal approximations is
based on the premise that the eigenvalues of the different modes in
each case, longitudinal and lateral, are well separated in the com-
plex plane, which allows one to distinguish between fast and slow
modes. Clearly, the literal approximations will not be effective if
this assumption is violated, as we show, later, in the illustrative
calculations.

The longitudinaldynamics, Eqs. (4) and (5), represent two equa-
tions of second order in the variables 1V and 1®. For conven-
tional airplanes, the four longitudinal mode eigenvalues are found
to consist of two complex conjugate pairs representing two oscil-
latory modes, with the faster mode called the short period and the
slower one the phugoid or long period. Observations show that the
main variable in the short period is the angle of attack, 1®, and
the phugoid mode mainly consists of variation in the velocity, 1V .
Thus, the � rst step in the derivation of the literal approximations is
to associate the variable 1® with the short-periodmotion, and 1V
with the phugoid mode.

A. Short-Period Mode
As a result of the � rst step, the short-period motion is consid-

ered to be described by Eq. (5) for the perturbed angle-of-attack

dynamics. It is next assumed that because the velocityvaries per the
slower phugoid mode, the rate of change of the perturbed velocity
P1V during the short-period motion is negligible, that is, P1V ¼ 0.
With this assumption,Eq. (5) for the short-perioddynamics may be
written as
R1® ¡ .Mq C Z®=V0/ P1® ¡ [M® ¡ Mq .Z®=V0/]1®

D [Mu ¡ Mq.Zu=V0/]1V (10)

The zero perturbedvelocity rate assumption is goodwhen the short-
period and phugoid eigenvalues are well separated in the complex
plane, as is usually the case. However, if these two pairs of eigen-
values approach each other in the complex plane, the assumptionof
zero rate of change of perturbedvelocitywill progressivelyworsen,
and so will the accuracy of the literal approximation.
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The term in 1V has been retained and transferred to the right-
hand side of Eq. (10) becausethe perturbedvelocity1V dependson
the initial condition and is, in general, not zero. However, because
the rate of change of 1V has been considered to be negligible, the
term on the right-hand side of Eq. (10) essentially acts as a static
forcing term and does not affect the fast dynamics in angle of attack.
The short-periodfrequencyanddampingmay thereforebe readfrom
the left hand side of Eq. (10) as follows:

!2
SP D ¡[M® ¡ Mq.Z®=V0/]; 2³SP!SP D ¡.Mq C Z®=V0/

This is the standardapproximationand is generallyfound to be quite
accurate.1¡3 However, because of the presence of the forcing term
on the right-hand side, the perturbed angle of attack does not tend
to zero, but to a static value:

1®s D ¡1V [Mu ¡ Mq .Zu=V0/]=[M® ¡ Mq .Z®=V0/] (11)

Thus, at the end of the short-period mode, there is a static resid-
ual value of the perturbed angle of attack, 1®s , whose variation
is then governed by the slower rate of evolution of the phugoid
dynamics in 1V . Previous literal approximations to the longitu-
dinal modes effectively considered the perturbed velocity 1V to
be zero, thus overlooking the presence of the static residual in the
fast mode variable.1¡3 Although the static residual does not alter
the short-period dynamics, the presence of the static residual will
prove to be an important factor in arriving at a literal approximation
for the phugoid mode. This explains why previous literal approx-
imations for the fast modes (short-period, roll) were satisfactory,
but the approximations for the slower modes (phugoid, dutch-roll)
were poor. The neglect of the fast-mode static residual while deriv-
ing the approximations for the slower modes has been a major � aw
in all previous derivations of literal approximations following the
traditional approach.

B. Phugoid Mode
The � rst step in the derivationof the literal approximationsasso-

ciated the phugoidmode with the variable1V . The phugoidmotion
is thereforedescribedby Eq. (4) for theperturbedvelocity.However,
Eq. (4) also contains terms in 1® and P1®, which must be correctly
interpreted as representing the static residual value of the perturbed
angle of attack and its rate, whose variation is now governed by the
slower phugoid time period.The relationbetween the static residual
1®s and the perturbed velocity is given by Eq. (11), and the rate of
change of the static residual P1®s in terms of the rate of change of
the perturbed velocity P1V is obtained by differentiatingboth sides
of Eq. (11) with respect to time. When these expressions are used
in place of the perturbed angle of attack and its rate in Eq. (4), the
equation for the phugoid dynamics appears as

R1V C
µ

¡Xu C .X® ¡ g/
Mu V0 ¡ Mq Zu

M® V0 ¡ Mq Z®

¶
P1V

C
g.Mu Z® ¡ M® Zu/

M® V0 ¡ Mq Z®

1V D 0 (12)

The new literal approximations for the phugoid frequency and
damping are obtained from the left-handside of Eq. (12) as follows:

!2
P D

g.Mu Z® ¡ M® Zu/

M® V0 ¡ Mq Z®

2³P!P D ¡Xu C .X® ¡ g/
Mu V0 ¡ Mq Zu

M® V0 ¡ Mq Z®

Coincidentally, this phugoid frequency approximation matches ex-
actly with that derived by Pradeep7 by a different approach, and
the phugoid damping derived here is a simpli� ed version of that of
Pradeep.

It is interesting to observe that previous literal approximations
that did not consider the static residual value of perturbed angle of
attack,but assumed1® and P1® to be zero during thephugoidmode,

essentially ended up with the following equation for the phugoid
dynamics from Eq. (4):

R1V ¡ Xu
P1V ¡ .gZu=V0/1V D 0

from which the phugoid frequency and damping could be inferred
to be !2

P D ¡gZu=V0 and 2³P!P D ¡Xu , which are usually found to
be poor approximations.

V. Literal Approximations: Lateral Modes
The lateral dynamics, Eqs. (6) and (7), represent two equations

of second order in the variables 1¯ and 1¹. For conventional air-
planes, they provide four lateral-mode eigenvalues that are usually
found to consist of one complex conjugate pair representing an os-
cillatory mode and two real eigenvalues.The larger (in magnitude)
of the two real eigenvalues represents a fast mode with predomi-
nantly roll motion, called the roll mode. The oscillatory mode is
called the dutch roll, and the slower mode represented by the other
real eigenvalue is called the spiral. The lateral dynamics are com-
plicated by the interactionbetween the dutch-rolland spiral modes,
both of which involve roll, yaw, and sideslippingmotion.

To derive literal approximations for the lateral modes along sim-
ilar lines as for the longitudinal dynamics, it becomes necessary to
considertwo of thesemodes at a time. The roll mode is generally the
fastest lateral mode, and the spiral is usually the slowest. Therefore,
the � rst step is to drop the spiral mode and consider the dynam-
ics in the roll and dutch-roll modes. To this end, we � rst assume
that gravity can be neglected by taking the limit as g=V0 goes to
zero. Neglecting gravity creates a column of zeros in the Alat matrix
[see Eq. (3)], implying the presence of a zero eigenvalue, which
corresponds to the spiral mode. Thus, neglectinggravity eliminates
the spiral mode. However, gravity does have a signi� cant in� uence
on the dutch-roll motion, which will be accounted for later.

The linearized lateral dynamics in second-order form, Eqs. (6)
and (7), in the limit of zero g=V0 , appear as follows:

R1¯ C [¡.N 0
r cos ®0 ¡ N 0

p sin ®0/ ¡ Y¯ =V0] P1¯

C [.N 0
r sin ®0 C N 0

p cos ®0/] P1¹

C [N 0
¯ C .Y¯ =V0/.N 0

r cos ®0 ¡ N 0
p sin ®0/]1¯ D 0 (13)

R1¹ C [.L 0
r cos ®0 ¡ L 0

p sin ®0/] P1¯ ¡ [.L 0
r sin ®0 C L 0

p cos ®0/] P1¹

¡ [L 0
¯ C .Y¯ =V0/.L 0

r cos®0 ¡ L 0
p sin ®0/]1¯ D 0 (14)

where the terms in 1¹ may be seen to havedroppedout as a resultof
the vanishinggravityassumption.Thus,Eqs. (13) and (14) represent
two equationsof secondorder in 1¯ and� rst order in P1¹ for the roll-
mode and dutch-rolldynamics.Following a similar procedureas for
the longitudinalmodes, the next step in the derivation of the literal
approximation for the lateral modes is to associate the perturbed
roll-rate variable P1¹ with the roll mode, and the perturbed sideslip
variable 1¯ with the dutch-roll mode.

A. Roll Mode
The roll mode is represented by the � rst-order dynamics of

Eq. (14) in the perturbed roll rate P1¹. It is next assumed that be-
cause the sideslip varies per the slower dutch-roll mode, the rate of
change of the perturbedsideslip P1¯ during the roll mode is negligi-
ble, that is, P1¯ ¼ 0. With this assumption, the � rst-order equation
for the roll-mode dynamics may be written as

R1¹ ¡ .L 0
r sin ®0 C L 0

p cos ®0/ P1¹

D [L 0
¯ C .Y¯ =V0/.L 0

r cos®0 ¡ L 0
p sin ®0/]1¯ (15)

It is worth pointing out that the zero sideslip perturbation rate as-
sumption is good provided the roll and dutch-roll eigenvalues are
well separated in the complex plane. As before, the perturbation in
the slow-mode variable (here, the sideslip) cannot be taken to be
zero. Instead, the perturbation in sideslip is transferred to the right-
hand side of Eq. (15), where it acts as a static forcing for the roll
mode but does not affect the roll-mode dynamics.The rate constant
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of the roll mode is then given by the roll eigenvalue, which is seen
from Eq. (15) to be as follows:

¸R D .L 0
r sin ®0 C L 0

p cos ®0/

In stability axes, ®0 D 0, and ¸R D L p , which is the standard
expression.1¡3 The perturbed roll rate, therefore, rapidly dies down
to a static value given by

P1¹s D
¡1¯[L 0

¯ C .Y¯ =V0/.L 0
r cos ®0 ¡ L 0

p sin ®0/]

L 0
r sin ®0 C L 0

p cos®0

(16)

Previous literal approximations were guilty of assuming 1¯ to be
zero during the derivation for the roll mode, due to which the static
residual value of the roll rate was overlooked, although the roll-
mode eigenvalue was correctly obtained. The presence of the static
residual in the roll rate will be seen to have a signi� cant in� uence
on the dutch-roll approximation.

B. Dutch-Roll Mode
The dutch-rollmode,which has been associatedwith variationsin

the sideslip, is representedby Eq. (13) in 1¯. When the term in P1¹
is correctly replacedby the static residual value of the perturbedroll
rate from Eq. (16), the equation for the dutch-roll dynamics appears
as

R1¯ C [¡.N 0
r cos ®0 ¡ N 0

p sin ®0/ ¡ Y¯ =V0] P1¯ C !2
DR1¯ D 0

(17)

where

!2
DR D [.N 0

¯ L 0
p ¡ L 0

¯ N 0
p/ cos®0 ¡ .L 0

¯ N 0
r ¡ N 0

¯ L 0
r / sin ®0

C .Y¯ =V0/.N 0
r L 0

p ¡ L 0
r N 0

p/]=.L 0
r sin®0 C L 0

p cos®0/ (18)

is (the square of ) the dutch-rollfrequency,and the dutch-rolldamp-
ing is given by

2³DR!DR D ¡.N 0
r cos ®0 ¡ N 0

p sin ®0/ ¡ Y¯ =V0

The numerator of Eq. (18) can be seen to be identical to the
expressionon the left-handsideof the secondlateral static instability
criterion S2

lat derived earlier, when g=V0 is put equal to zero. Recall
that S2

lat corresponded to the condition of a second zero eigenvalue
in the lateraldynamics after neglectingthe spiral eigenvalueat zero.
However, thederivationofEq. (18)has beencarriedoutbyassuming
a zero spiral eigenvalue by the vanishing gravity assumption. It is
important to realize here that a zero spiral eigenvaluedoes not imply
g=V0 D 0; the converseis actually true.Thus, the correctobservation
from Eq. (18) and the second lateral static instability criterion S2

lat
is that

!2
DR D LHS

£
S2

lat.g=V0 D 0/
¤¯

¸R

where !2
DR is the dutch-roll frequency derived by neglecting the

in� uence of gravity.
This discussion suggests a way to incorporate the effect of grav-

ity in the expression for the dutch-roll frequency. Consider the fol-
lowing factorization of the characteristicpolynomial for the lateral
dynamics:

Plat.¸/ D
¡
¸2 C 2³DR!DR¸ C !2

DR

¢
.¸ C ¸R/.¸ C ¸S/ (19)

Then, by de� nition, the left-hand side of S2
lat is given by the

constant term of the polynomial Plat.¸/=¸ when ¸S D 0. That is,
LHS[S2

lat] D !2
DR¸R , which can, of course,be used to write the dutch-

roll frequency in terms of S2
lat as

!2
DR D LHS

£
S2

lat

¤¯
¸R

Then, using the previouslyderived condition for S2
lat (with zero spi-

ral eigenvalue, but g=V0 not equal to zero), a complete expression

for the dutch-roll frequency including the effect of gravity can be
written,giving the new literal approximationfor the dutch-rollmode
as follows:

!2
DR D [1=.L 0

r sin®0 C L 0
p cos ®0/][.N 0

¯ L 0
p ¡ L 0

¯ N 0
p/ cos®0

¡ .L 0
¯ N 0

r ¡ N 0
¯ L 0

r / sin ®0 C gL 0
¯ =V0 C .Y¯ =V0/.N 0

r L 0
p ¡ L 0

r N 0
p/]

2³DR!DR D ¡.N 0
r cos ®0 ¡ N 0

p sin ®0/ ¡ Y¯ =V0

In stability axes, the new dutch-roll frequency and damping ap-
proximations take the following form:

!2
DR D

³
N¯ C

Y¯

V0
Nr

´
¡

³
L¯ C

Y¯

V0
Lr

´
N p

L p
C

³
g

V0

´
L¯

L p

2³DR!DR D ¡Nr ¡
Y¯

V0

(20)

Incidentally, overlooking the static residual in the roll rate, and as-
suming P1¹ D 0 in Eq. (13), would have resulted in the following
equation for the dutch-roll dynamics:

R1¯ C [¡.N 0
r cos ®0 ¡ N 0

p sin ®0/ ¡ Y¯ =V0] P1¯

C [N 0
¯ C .Y¯ =V0/.N 0

r cos ®0 ¡ N 0
p sin ®0/]1¯ D 0

from which expressions for the dutch-roll frequency and damping
could be written as

!2
DR D N 0

¯ C .Y¯ =V0/.N 0
r cos ®0 ¡ N 0

p sin®0/

2³DR!DR D ¡.N 0
r cos ®0 ¡ N 0

p sin ®0/¡Y¯=V0

which, in stability axes, would reduce to

!2
DR D N¯ C .Y¯=V0/Nr ; 2³DR!DR D ¡Nr ¡ Y¯ =V0 (21)

This is the dutch-roll approximation commonly derived in
textbooks.2;3 The most signi� cant difference between the expres-
sions in Eq. (21) and the new approximationsin Eq. (20) for dutch-
roll frequency and damping in stability axes is the presence of ad-
ditional terms involving L¯ in the new approximation.The dihedral
stabilityderivativeL¯ entersthedutch-rollfrequencyapproximation
in Eq. (20) through the second and third terms on the right-handside
and in� uences the dutch-roll damping ³DR through its presence in
!DR in the left-hand side of the equation for 2³DR!DR. Although L¯

has long been recognized as one of the more signi� cant derivatives
affecting the dutch-rolldynamics,2 the present derivation is the � rst
to successfully capture this in� uence. Notably, Eq. (20) also cap-
tures the effect of gravity on the dutch-roll dynamics, which was
missing in previous literal approximations.2;3

C. Spiral Mode
Once good approximations are available for the roll and dutch-

roll modes, the spiral eigenvalue can be well approximated by re-
ferring to the lateral characteristic polynomial Plat in Eq. (19). The
constant term of this polynomial is precisely what was identi� ed
with the � rst lateral static instability criterion S1

lat in Eq. (8). That
is, LHS[S1

lat] D !2
DR¸R¸S, from which the spiral eigenvalue may be

expressed as

¸S D
LHS

£
S1

lat

¤

!2
DR¸R

This gives, on using Eq. (8) along with the previously derived ap-
proximation for the roll-mode eigenvalue, the new literal approxi-
mation to the spiral mode eigenvalue as
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¸S D
³

g

!2
DRV0

´
.L 0

¯ N 0
r ¡ N 0

¯ L 0
r / cos ®0 ¡ .L 0

¯ N 0
p ¡ N 0

¯ L 0
p/ sin ®0

.L 0
r sin ®0 C L 0

p cos ®0/

where !2
DR has not been replaced with the approximation derived

earlier for typographical reasons.
The spiral approximation in stability axes, where ®0 D 0, then

appears as

¸S D .g=V0/.L¯ Nr ¡ N¯ Lr /

[.g=V0/L¯ ] C [N¯ L p ¡ L¯ Np] C [.Y¯ =V0/.Nr L p ¡ Lr Np/]
(22)

When the terms in the second and third pairs of brackets in the
denominator are neglected, Eq. (22) for ¸S reduces to that given by
Nelson,2 which is, however, found to be a poor approximation to
the actual spiral eigenvalue. In general, it is necessary to retain the
terms in all three pairs of brackets in the denominator of the spiral
approximation in Eq. (22). However, a quick numerical survey of
several sets of data provided by Schmidt4 suggests that the term in
the second brackets is the dominant one, and if a simpli� ed version
of Eq. (22) is at all desired, then the � rst and third bracketed terms in
the denominator may be neglected to give the following simpli� ed
formula for the spiral eigenvalue in stability axes:

¸S D .g=V0/.L¯ Nr ¡ N¯ Lr /

.N¯ L p ¡ L¯ Np/

The spiral approximation derived does indeed show a zero spiral
eigenvaluein the limit of zero g=V0 , as was inferredat the beginning
of this section. It is astonishing that previous approximations for
the spiral eigenvalue (e.g., see Ref. 3) did not satisfy this obvious
requirement, and not suprisingly, performed quite poorly.

VI. Numerical Illustration
As an illustration,predictionsfrom the literal approximationsde-

rived in this paper are now compared with actual numerical values
for the aircraft data in the appendix. Eigenvalues for the linearized
dynamics around a straight and level � ight condition have been nu-
mericallycomputedfrom thesedata for trim anglesof attackvarying
between¡5 and 25 deg.The longitudinal-modeeigenvaluesso com-
puted have been plotted in Fig. 1, and Fig. 2 shows the lateral-mode
eigenvalues. The aircraft data in the appendix prove to be useful
because they contain both ranges of trim angle of attack over which
the approximations work well, and ranges over which the approx-
imations deviate from the actual values. This helps highlight the
fundamental assumptions behind the traditional approach to deriv-
ing literal approximations, and to point out circumstances in which
they may be expected to fail.

Fig. 1 Locus of longitudinaleigenvalueswith trim angleof attack vary-
ing from ¡ 5 to 25 deg (SP, short period; P, phugoid;and arrows indicate
direction of increasing trim angle of attack).

Fig. 2 Locus of lateral eigenvalues with trim angle of attack varying
from ¡ 5 to 25 deg (DR, dutch roll; R, roll; S, spiral;LP, lateral phugoid;
and arrows indicate direction of increasing trim angle of attack).

Fig. 3 Comparison of literal approximation with actual values:
longitudinal-modefrequencies (——, actual value; – – –, literal approx-
imation; SP, short period; and P, phugoid).

The short-periodand phugoid frequenciespredictedby the literal
approximationsin this paper are compared with the actual values in
Fig. 3. The predicted values literally lie on top of the actual values
over most of the trim angle-of-attackrange. The approximationsto
the short-period and phugoid dampings are compared to the actual
values in Fig. 4. The approximationsmatch the actual values quite
well at low-to moderate-trimanglesof attack; the deviationfrom the
actual values at large-trim angles of attack is discussed later. Inter-
estingly, the phugoid damping approximation derived by Pradeep7

seems to perform quite well in Fig. 4, even though the data in the
appendix did not � gure in the set of aircraft data he considered.The
roll and spiral eigenvalues predicted by the literal approximations
derivedin this paper are comparedto the actualeigenvaluesin Fig. 5.
The approximationsare found to be excellent over most of the trim
angle-of-attackrange. A comparisonof the dutch-rollfrequencyap-
proximation with the actual values is shown in Fig. 6, which also
containsa plotof theexistingdutch-rollfrequencyapproximation.2;3

Clearly, the new approximation seems to predict the actual values
well, except at large values of trim angle of attack, and is de� nitely
superior to the existing approximation shown in Fig. 6. The new
dutch-roll damping approximation is compared to the actual values
in Fig. 7, which shows an excellent match over most values of the
trim angle of attack. The deviation in the predictions made by the
literal approximations in Figs. 5 through 7 for the larger values of
trim angle of attack is discussed later.
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Fig. 4 Comparison of literal approximation with actual values:
longitudinal-mode dampings (——, actual value; – – – , literal approx-
imation; –¢ –, phugoid damping approximation from Ref. 7; SP, short
period; and P, phugoid).

Fig. 5 Comparison of literal approximation with actual values: roll
and spiral eigenvalues (——, actual value; – – – , literal approximation;
S, spiral; and R, roll).

Fig. 6 Comparison of literal approximationwith actual values: dutch-
roll frequency (——, actual value; – – – , new literal approximation;and
–¢ – , existing approximation).2;3

Fig. 7 Comparison of literal approximationwith actual values: dutch-
roll damping (——, actual value and – – – , literal approximation).

It may be noted from Fig. 1 that the short-period and phugoid
eigenvalues are well separated for small-trim angles of attack, but
for increasingvalues of trim angle of attack, the short-periodeigen-
valuesapproachthe phugoideigenvalues.Thus, for the largervalues
of trim angle of attack in Fig. 1, the distinction between the fast,
short-period mode and the slow, phugoid mode is weaker. Under
these circumstances, one may expect the zero perturbed velocity
rate assumption in the derivation of the short-period mode to be
less appropriateand, therefore, the literal approximationsto be less
accurate. This is not a failing of the literal approximations per se
but rather a consequence of the fact that the traditional approach
based on a distinctionbetween fast and slow modes is no longer ap-
plicable. Similar is the case of Fig. 2, where the roll and dutch-roll
eigenvalues are well separated for small-trim angles of attack, but
for larger-trim angles of attack, the roll and spiral eigenvaluescom-
bine to form an oscillatorylateral phugoidmode. It may be recalled
that � rst, the lateral approximationswere derivedby consideringthe
roll and spiral eigenvalues to be real. Second, the roll approxima-
tion was based on the roll mode being much faster than the dutch
roll, permitting the zero perturbed sideslip rate assumption. That
both these assumptions are violated at large-trim angles of attack
in Fig. 2 explains the deviation of the literal approximations from
the actual values over this range of trim angles of attack. Although
this once again points to a fundamental limitation of the traditional
approach to deriving literal approximations, the fact must not be
missed that the distinction between fast and slow modes remains
valid for most conventional airplanes under a wide range of trim
� ight conditions where, as seen, the literal approximationsderived
in this paper work well.

VII. Conclusions
Literal approximations to the aircraft dynamic modes have been

formally derived following the traditional approach of distinguish-
ing between fast and slow modes. The importance of the fast-mode
static residual in the derivationof the slow-modeapproximationhas
been recognized for the � rst time, permitting improved approxima-
tions for the slow modes to be obtained. In conclusion, it may be
appropriate to comment that although literal approximations have
limited predictive value in these days of computational ease, they
do provide � ight dynamicists and aircraft designers with physical
insightand the luxuryof useful analyticalexpressions.For theserea-
sons, derivation of literal approximations occupies a central place
in the theory of � ight dynamics, as evidenced by the elaborate (but
unsatisfactory) discussions in textbooks.1¡3 Viewed in this context,
the contribution of this paper becomes self-evident, and will, we
hope, lead to the existing literal approximations in several other-
wise excellent textbooks on � ight dynamics being replaced by the
derivations in this paper.
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Appendix: Aircraft Equations and Data
The equations of motion for rigid aircraft dynamics are given by

the following set of eight � rst-order differential equations12:

PV D .1=m/
¡
Tm ´ cos ® cos ¯ ¡ 1

2
CD½V 2S ¡ mg sin °

¢
(A1)

P® D q ¡ .1=cos ¯/
£
.p cos ® C r sin ®/ sin ¯ C .1=mV /

¡
Tm´ sin®

C 1
2
CL ½V 2S ¡ mg cos ¹ cos °

¢¤
(A2)

P̄ D .1=mV /
¡
¡Tm´ cos ® sin ¯ C 1

2
CY ½V 2S C mg sin ¹ cos °

¢

C . p sin® ¡ r cos ®/ (A3)

Pp D [.Iy ¡ Iz/=Ix ]qr C .1=2Ix /½V 2 SbCl (A4)

Pq D [.Iz ¡ Ix /=Iy]pr C .1=2Iy/½V 2 ScCm (A5)

Pr D [.Ix ¡ Iy /=Iz]pq C .1=2Iz/½V 2SbCn (A6)

PÁ D p C q sin Á tan µ C r cos Á tan µ (A7)

Pµ D q cos Á ¡ r sin Á (A8)

with the wind axis orientation angles, ¹ and ° , de� ned as follows:

sin ° D cos ® cos ¯ sin µ ¡ sin ¯ sin Á cos µ

¡ sin® cos ¯ cosÁ cos µ (A9)

sin ¹ cos ° D sinµ cos ® sin ¯ C sin Á cos µ cos ¯

¡ sin® sin ¯ cos Á cos µ (A10)

cos¹ cos ° D sin µ sin ® C cos® cos Á cos µ (A11)

The aircraft inertiaand geometrydata from Ref. 12 are as follows:

Wing area; S D 400 ft2; Maximum thrust; Tm D 11,200 lb

Mean aerodynamic chord; c D 11:52 ft

Roll inertia; Ix D 23,000 slug ft2; Aircraft mass; m D 1036 slugs

Pitch inertia; Iy D 151,293 slug ft2; Wing span; b D 37:42 ft

Yaw inertia; Iz D 169,945 slug ft2

The aerodynamiccoef� cients in the equationsofmotionare given
in terms of the followingpolynomialfunctions,where all angles and
control surface de� ections are in degrees, and angular rates are in
radians per second.12

Drag coef� cient:

CD D
»

0:0013®2 ¡ 0:00438® C 0:1423;

¡0:0000348®2 C 0:0473® ¡ 0:358;

¡5 · ® · 20

20 · ® · 40
(A12)

Sideforce coef� cient:

CY D ¡0:0186¯ C .±a=25/.¡0:00227® C 0:039/

C .±r=30/.¡0:00265® C 0:141/ (A13)

Lift coef� cient:

CL D
»
0:0751® C 0:0144±e C 0:732;

¡0:00148®2 C 0:106® C 0:0144±e C 0:569;

¡5 · ® · 10

10 · ® · 40
(A14)

Rolling moment coef� cient:

Cl D Cl .®; ¯/ ¡ 0:0315p C 0:0126r C .±a=25/.0:00121®

¡ 0:0628/ ¡ .±r=30/.0:000351® ¡ 0:0124/ (A15)

where

Cl .®; ¯/ D
»
.¡0:00012® ¡ 0:00092/¯;

.0:00022® ¡ 0:006/¯;

¡5 · ® · 15

15 · ® · 25
(A16)

Pitching moment coef� cient:

Cm D ¡0:00437® ¡ 0:0196±e ¡ 0:123q ¡ 0:1885 (A17)

Yawing moment coef� cient:

Cn D Cn.®; ¯/ ¡ 0:0142r C .±a=25/.0:000213® C 0:00128/

C .±r=30/.0:000804® ¡ 0:0474/ (A18)

where

Cn.®; ¯/ D

8
<

:

0:00125¯;

.¡0:00022® C 0:00342/¯;

¡0:00201¯;

¡5 · ® · 10

10 · ® · 25

25 · ® · 35

(A19)

All data correspond to low Mach number � ight at sea-level
conditions.
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